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Abstract 

We present all isotropy groups and associated £ groups, up to discrete identifi- 
cations of the component connected to the identity, of spinors of eleven-dimensional 
and type II supergravities. The £ groups are products of a Spin group and an 
/^-symmetry group of a suitable lower dimensional supergravity theory. Using the 
case of St7(4)-invariant spinors as a paradigm, we demonstrate that the £ groups, 
and so the i?-symmetry groups of lower-dimensional supergravity theories aris- 
ing from compactifications, have disconnected components. These lead to discrete 
symmetry groups reminiscent of -R-parity. We examine the role of disconnected 
components of the £ groups in the choice of Killing spinor representatives and in 
the context of compactifications. 



1 Introduction 



Super symmetric supergravity backgrounds can be categorized into two classes. One class 
are those backgrounds for which the Killing spinors are invariant under some proper 
Lie subgroup of the gauge group of the associated theory, and another class are those 
backgrounds for which the isotropy group of the Killing spinors is the identity. Most 
of the known supergravity backgrounds belong to the former class, like the vacua of 
string compactifications with or without fluxes, for a recent review see pQ, and those 
backgrounds that have applications in gauge theory /duality correspondences, see e.g. [21 
131 HI [5] . A notable exception are the maximally and the near maximally supersymmetric 
backgrounds of ten- and eleven-dimensional supergravities which belong to the latter 
class and have been classified in [6] and [3 El E] , respectively. 

The main aim of this paper is to initiate the classification of all supersymmetric 
eleven- dimensional and type II backgrounds for which the Killing spinors are invariant 
under some proper Lie subgroup H of the gauge group. Some partial results are already 
known. In eleven-dimensional supergravity, these include the N = 1 backgrounds with 
SU(5)- and Spin(7) k IR 9 -invariant Killing spinors [10] ; the N = 2 backgrounds with 
SU(5)- and some N = 2 and N = A backgrounds with 5'?7(4)-invariant Killing spinors 
[111 [12] ; N = 2 backgrounds with Spin(7)- and G 2 x M 9 -, and N = 4 backgrounds with 
G 2 - and SU (4)-invariant Killing spinors, and special cases of backgrounds with stability 
subgroups embeddable in Spin{7) ix M 9 [13]. In IIB supergravity, the Killing spinor 
equations have been solved for N = 1 backgrounds in [14J and all backgrounds with 
maximal number of if-invariant spinors have been classified in [15]. The method that 
we shall use to solve this problem is based on spinorial geometry [H] facilitated by the 
application of the groups defined in [16]. The £>(V) groups are the subgroups of the 
gauge group of the supergravity theories that leave the plane V spanned by some spinors 
invariant. The importance of the S("P) groups has been demonstrated in the classification 
of all supersymmetric backgrounds of heterotic supergravity [15]. In particular, the S('P) 
groups have been used to find the solutions of the gaugino and dilatino Killing spinor 
equations given a solution of the gravitino Killing spinor equation. 

To find the geometry of all eleven- dimensional backgrounds that admit if-invariant 
Killing spinors, we shall first identify all the subgroups H C Spin(l0, 1) that leave some 
spinors invariant. These subgroups will be given up to discrete identifications of the 
connected to the identity component and so they will be derived from a Lie algebra 
computation. Partial lists of such groups have appeared elsewhere [T71 [HI [18]. Here 
we shall give the complete set relevant for eleven-dimensional supergravity which is 
tabulated in table 1. In addition, in tables 2 and 3, we give explicitly the representatives 
of all the if-invariant spinors for all isotropy groups. 

Given Vh, the plane spanned by all if-invariant spinors of eleven- dimensional su- 
pergravity, Nh = dimVn, we compute the T,(Vh) group for every H. These are again 
determined up to discrete identifications of the connected to the identity component and 
the computation is Lie algebraic. The list of all T,(Vh) groups is presented in table 5. 
We find that all the S(P^) groups are products Spin x R, where Spin and R can be 
identified with the Spin and i?-symmetry groups of a lower- dimensional supergravity 
theory. 
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Using the case of eleven-dimensional backgrounds with S'L r (4)-invariant spinors as a 
paradigm, we demonstrate that the T,(Vh) groups have disconnected components which 
are subgroups of the connected component Spin (10, 1) of Spin (10, 1). In a compactifi- 
cation senario on a manifold with an if -structure and with or without fluxes, this implies 
that the R-symmetry group of the associated lower-dimensional supergravity theory is 
disconnected. In the SU (4) case, representatives of the disconnected components act 
as a discrete symmetry via reflections on some components of the frame of the com- 
pact internal space. This action leaves the metric invariant but changes the fluxes, the 
fermions and the (almost) complex structure / of the internal space to —I. Such dis- 
crete transformations are reminiscent^ of .R-parity transformations imposed to suppress 
the rate of decay of the proton in supersymmetric theories, for a review see [20] . Since 
these discrete symmetries are remnants of the restricted Lorentz transformations of an 
eleven- dimensional theory, it is natural to argue that they must be symmetries of the 
lower-dimensional effective supergravity theories imposing restrictions on the couplings. 

Furthermore, we explain how the H(Vh) can be used in eleven- dimensional supergrav- 
ity to find the normal forms of if-invariant Killing spinors for backgrounds with N < Nh 
number of supersymmetries. In particular, we shall demonstrate for H = SU(4) that 
the group Ti(Vsu(i)) can be used to find the Killing spinors for all backgrounds with 
iV < Nh = 4. It will become apparent that the disconnected components of H(Vsuu)) 
can also be used to reduce the number of choices of Killing spinors. 

The isotropy groups H and the associated T,(Vh) groups of IIA and IIB supergravities 
have been tabulated in tables 4 and 6, respectively. These groups for IIB supergravity can 
easily be read off from those of heterotic supergravity, see also [T5] . For IIA supergravity, 
the isotropy groups H and the associated T>(Vh) groups have a close relationship to those 
of eleven-dimensional supergravity. However, there are isotropy and H(Vh) groups of 
the latter that do not have a IIA analogue. 

This paper is organized as follows: In section two, we give the isotropy groups and 
representatives of the invariant spinors of eleven-dimensional and type II supergravities. 
In section three, we give the £ groups of eleven-dimensional and type II supergravity. In 
section four, we use the Y,(Vsu{a)) to give the normal forms of S'?7(4)-invariant Killing 
spinors, and emphasize the importance of the disconnected components of the group, 
and in section five we give our conclusions. In the appendices A and B, we give details 
of the computation of the isotropy and E groups, respectively. 

2 Isotropy groups and invariant spinors 
2.1 Isotropy groups 

The gravitino and supersymmetry parameter of eleven-dimensional supergravity are Ma- 
jorana Spin(10, 1) spinors. To find the isotropy groups^) of these spinors, one begins with 
the results of [211 Ej which demonstrate that there are two kinds of orbits of Spin(10, 1) 

1 The discrete symmetries have also a passing similarity with the Weyl subgroup [19] of the U- 
duality group though they cannot be directly identified because the former appears in SU (4)-structure 
compactifications while the latter appears in toric ones. 

2 These are determined up to discrete identifications of the connected to the identity component. 
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u 

£1 


1 


6pm (7) x R 9 


2 


bpin{7), 5(7(5), 5(7(4) xR 9 , G 2 xF 


3 


op{2) x K 


A 

4 


5(7(4), G 2 , 6(7(2) x 5(7(3), (6(7(2) z ) x R y , 6(7(3) x R 9 


5 


6(7(2) k R 9 


6 


n { c\\ rr/i \ tttiQ 

6p(2), (7(1) x R y 


8 


nrr/o\ nj"r/o\'2 nrr/f»\ tt^ 9 

6(7(3), 6(7(2) z , 5(7(2) xR J 


10 


oc7 (2) 


12 


U(l) 


16 


SU(2), R 9 


32 


{1} 



Table 1: The complete list of isotropy groups of spinors in eleven- dimensional super- 
gravity. H denotes the subgroups of 5pin(10, 1), up to discrete identifications of the 
connected to the identity component, which leave some Majorana spinors invariant. iV# 
is the maximal number of i7-invariant spinors. 

on the space of Majorana spinors, A32, with isotropy groups SU(5) and Spin(7) x R 9 . 
Then A32 is decomposed in irreducible representations of the above isotropy groups and 
the procedure is repeated until all spinor singlets are found. This is essentially a Lie 
algebra computation and a more detailed description is given in the appendices. The 
complete list of isotropy groups is given in table 1; for the spinor notation we use see 

puna. 

All non-compact isotropy groups are subgroups of Spin(7) x R 9 . The same applies for 
the compact isotropy groups apart from 577(2) x 5?7(3) and G 2 . The former is subgroup 
only of SU (5) while the latter is subgroup only of Spin{7) x R 9 . The rest of the compact 
isotropy groups are subgroups of both SU (5) and Spin{7) x R 9 . This easily follows from 
the analysis of the singlets in the appendices. Many of the groups in table 1 and the 
cases H C Spin{7) x R 9 have previously appeared in [TTl [11] and in [T7| [T5]. respectively. 

In the non-compact cases, the group is a semi-direct product of a compact group K 
and R 9 . To specify the group, one has in addition to determine the representation of K 
on R 9 . This is easily found from the results of table 3 which give explicitly the invariant 
spinors. In particular, one has (Spin(7) x R 8 ) x R), (SU(A) x R 8 ) x R, (G 2 x R 7 ) x R 2 , 
(5p(2)xR 8 )xR, (5[/(3)xR 6 )xR 3 , (SU(2) x (® 2 R 4 )) xR, (SU(2) xR 4 ) x (SU(2) xR 4 ) xR, 
(U (1) x (® 4 R 2 )) x R and (S77(2) x R 4 ) x R 5 . The groups are stated in the order in which 
they are denoted in table 1. 

2.2 Invariant spinors 
2.2.1 Time-like basis 

To solve the Killing spinor equations, it is useful to have an explicit basis in the space of 
the i7-invariant spinors. The most straightforward way to give such a basis is in terms of 
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Table 2: Explicit representatives of all H- invariant spinors for all isotropy groups where 
H C 677(5). If two singlets are the real and imaginary parts of a complex (Dirac) spinor, 
then they have been given in terms of the complex spinor. In particular, the real and 

r k j 

imaginary parts of the the complex spinor e^...^ are e il ... ik + e h...iJ k+1 '" : ' 5e j k+1 ...j5 an d 

. r fc j 

*(eii...i* - ^^r e ii-ik jk+1 '" j5e jk+i-j 5 ) for fc = 0, 1, 2 and j u . . . ,j k = 1, . . . 5, respectively 

mi- 

the description of spinors in terms of forms. There are two ways to describe the Majorana 
spinors, in terms of forms, associated with the construction of Clif(M 10,1 ) from either 
Clif(lR 10 ) or Clif(M 9 ' 1 ). These two constructions lead to different bases in Clif (M 10 ' 1 ), 
the "time-like" and "null" bases, respectively. These bases have been constructed in 
[TT| [22| [12], where one can also find the spinor conventions used in this paper. The 
'time-like" and "null" bases are suited to investigate backgrounds with H C 677(5)- and 
H C Spin(7) x M 9 -invariant spinors, respectively. There are also several cases which can 
be investigated using both kinds of bases. For future use, we shall give the invariant 
spinors in both bases. 

First, we consider the invariant spinors of H C SU(5) isotropy groups in the time-like 
basis [TH [12] . The results of the detailed analysis in appendix A are presented in table 
2. 

2.2.2 Null basis 

The invariant spinors of H C Spin(7) tx M 9 isotropy groups in the null basis [12j are 
summarized in table 3. A detailed derivation of these singlets can be found in appendix 

A consequence of the results summarized in tables 2 and 3 is that there are restrictions 
on the number of singlets that can occur. In particular, the isotropy group of more than 
16 linearly independent spinors is the identity. In addition, there are no cases with 
Njj = 7, 11, 13, 14 and 15. Furthermore, for every non-compact isotropy group there is 
an associated compact one with twice the number of invariant Killing spinors. 
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Table 3: Explicit representatives of all i7-invariant spinors for all isotropy groups where 
H C Spin(7) x R 9 . If two singlets are the real and imaginary parts of a complex (Dirac) 
spinor, then they have been given in terms of the complex spinor. In particular, the real 

and imaginary parts of the the complex spinor e^...^ are 6^...^+ u_ k \] e h-ik 1 '"^~ ke h-ji-k 

r k j 

and /'{>,,...,,. - ( "i^, '-'J-...,;, - )■ respectively, for fc = 0, 1,2 and z, j = 1, . . . ,4. 

In addition, e h ... ik5 = (Ree^...^) A e 5 + z'(Im e^.ij A e 5 pj]. 

2.3 Comparison with the isotropy groups of IIB and II A su- 
per gravities 

The relevant spinor representation of IIB supergravity is the complex chiral (Weyl) 
representation c A|g of Spin c (9, 1). This is constructed from the associated Majorana- 
Weyl representation, A^ 6 , associated with the heterotic string, by a straightforward 
complexification, C A^" 6 = A^ 6 <g> C = A^ 6 © ^Aj 6 . As a result the isotropy groups 
for spinors of IIB supergravity in Spin c (9, 1) are precisely those found for the heterotic 
string. The associated invariant spinors are the complexification of those of heterotic 
supergravity. One consequence of this is that in IIB supergravity there are always an 
even number of invariant spinors. For example in heterotic supergravity the spinor 
1 + 61234 is Spin(7) x R 8 invariant. The associated invariant spinors of IIB supergravity 
are 1 + ei 23 4 and i(l + ei 234 ). 
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The relevant spinor representation of IIA supergravity is the Majorana representa- 
tion, A 32 , of Spin(9,l). This should be thought of as the direct sum of the positive 
and negative chirality Majorana- Weyl representations of Spin (9, 1), A 32 = A^ 6 © A 16 . 
Since a single spinor in a Majorana- Weyl representation of Spin(9, 1) has isotropy group 
Spin(7) x R 8 , it is clear that all the isotropy groups of spinors of IIA supergravity must 
be subgroups of Spin(7) xR 8 . It is then straightforward to show that the isotropy groups 
are closely related to those of table 3 for eleven-dimensional supergravity. If the isotropy 
group in table 3 is of the type K x R 9 , then the associated isotropy group in IIA su- 
pergravity is K x R 8 . The additional generator is along the additional 11th direction. 
Moreover the invariant spinors are precisely as those given in table 3 now interpreted as 
Spin(9, 1) spinors. This follows from the well-known fact that the Majorana represen- 
tation of Spin(10, 1) decomposes under Spin{9, 1) as the sum of a positive and negative 
chirality Majorana- Weyl representation. The isotropy groups, up to discrete identifica- 
tions of the connected to the identity component, of IIA and IIB supergravity spinors as 
well as the singlets in the null basis [22] are summarized in table 4. 

It is clear that all the isotropy groups of IIB and IIA supergravities appear as sub- 
groups of the isotropy groups of spinors of eleven- dimensional supergravity but the con- 
verse is not true. In particular, there are isotropy groups of eleven- dimensional supergrav- 
ity that do not have a type II analogue. These are the SU (5) and SU (2) x SU (3) isotropy 
groups. Clearly, supersymmetric backgrounds with such invariant Killing spinors have a 
purely eleven-dimensional origin. 



3.1 Eleven-dimensional supergravity 

For generic backgrounds the holonomy of the supercovariant connection of eleven-dimen- 
sional supergravity is SL(32, R) [23j [2U [25]. A consequence of this, in the context of 
backgrounds with if -invariant Killing spinors, is that in most cases one expects that 
there are solutions with any number N of supersymmetries for iV < Nh, where Nh = 
dimS(P^). Although this is the expectation, there are also exceptions [H [S], and a 
conjecture for the fractions that can occur can be found in |26j . 

Assuming that the Killing spinors e of a supersymmetric background are if-invariant, 
N < Nh, these can be written as a linear combination of a basis (77*), i — 1, . . . , Nh, in 
tables 2 or 3, i.e. 



where are spacetime functions. To solve the Killing spinor equation, it is convenient to 
bring the Killing spinors e to a normal form. To do this, one may consider the subgroup 
of Spin(lO, 1) which leaves the plane Vh of all if-invariant spinors invariant. This is 
clearly the remaining gauge group of the theory. Since the isotropy group H acts on Vh 
with the identity transformation, it is clear that we should consider those transformations 
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Table 4: The complete list of isotropy groups, up to discrete identifications of the con- 
nected to the identity component, of IIA and IIB supergravity spinors including explicit 
representatives for the singlets in the null basis. Nh denotes the real dimension of Vh 
in the IIA and IIB cases, and — denotes cases that do not occur in IIB. The singlets are 
given for both IIA and IIB supergravities, and the reality conditions are as those given 
in table 3. The iY-invariant IIB spinors are always even forms, while the spinors of IIA 
are both even and odd forms. For example, the 577(4) x M 8 -invariant spinors in IIB are 
1 and il or, equivalently, 1 + ei 2 34, i(l — ei 2 34), i(l + e^^) and 1 — ei 2 34 over the reals in 
the Majorana-Weyl basis. 

of Spin(10, 1) which leave Vh invariant up to transformations generated by H. This is 
precisely the Ti(V H ) group for the subspace Vh using the definition of [T6] . 

The computation of the H(Vh) groups for each H can be done as in heterotic super- 
gravity (type I) [16J. The details can be found in the appendices. The results are given 
in table 5. 

It is clear from the results of table 5 that the S groups are a product, Spin x R, 
where Spin and R are the Spin group and the i?-symmetry group of a lower-dimensional 
supergravity theory. This allows us to view the associated eleven-dimensional supersym- 
metric backgrounds as being in the same universality class as those lifted from the lower- 
dimensional supergravity theories constructed from compactification on a holonomy H 
manifold. However, this does not imply that the associated backgrounds have a lower 
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Table 5: The I](Vh) groups for each possible isotropy group of spinors in eleven- 
dimensional supergravity. The explicit action of the generators of X("Pf/) on Vh can 
be found in appendix B. 

dimensional origin. In two cases, those with isotropy groups 6(7(5) and 6(7(2) x 6(7(3), 
the associated Spin group is the identity. This is because such eleven- dimensional back- 
grounds are in the same universality class as those associated with compactifications of 
eleven-dimensional supergravity on holonomy 6(7(5) and 6(7(2) x 6(7(3) manifolds to 
one dimension, and the Spin group in one dimension, up to a discrete identification, is 
the identity. 

It is also important to notice that the Y>(Vh) groups do not capture the full ex- 
pected i?-symmetry groups of the associated lower dimensional supergravity theories. 
For example consider the N H = 8, H = 6(7(3) case in table 5. The associated lower 
dimensional theory is a 5-dimensional supergravity with 8 real supersymmetries and 
the total Spin and i?-symmetry group is expected to be Spin(4, 1) x 6(7(2). However 
^(Ph) = Spin(4, l)x(7(l) C 6pin(4, l)x6(7(2). This is because, unlike the i?-symmetry 
groups of lower- dimensional supergravities in general, the i?-symmetry subgroups that 
appear in T,(Vh) are required to be subgroups of Spin(10, 1). As a result, in some cases 
the the i?-symmetry group contained in T,(Vh) is only a subgroup of the i?-symmetry 
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group of the lower- dimensional supergravity theory. 
3.2 IIA and IIB super gravities 

For completeness, we also give the £ groups of the invariant spinors of type II supergrav- 
ities. The £ groups of type IIB supergravity can easily be derived from those of type 
I supergravity. One difference is that there is an additional U(l) generator because of 
the Spin c nature of IIB spinors. The £ groups of IIA supergravity can easily be derived 
from those of eleven-dimensional supergravity. In particular, one simply excludes all the 
generators associated with the eleventh direction. The results are tabulated in table 6. 



H 


E(V H )/IIA (N h ) 


E(V H )/HB (N h ) 


Spiniy) x R 8 


Spin(l, 1) (1) 


Spin c (l, 1) (2) 


Spin{7) 


Spin(l, 1) (2) 


— 


SU(A) x R 8 


Spin(l,l) x 17(1) (2) 


Spin c (l, 1) x £7(1) (4) 


G 2 x R 8 


Spin(l, 1) (2) 


— 


Sp(2) x R 8 


Spin(l,l) x SU(2) (3) 


Spin c (l, 1) x SU{2) (6) 


SU(A) 


Spin(l,l) x U(l) (4) 


— 


G 2 


Spin(2, 1) (4) 


5pm c (2, 1) (4) 


(SU(2) 2 ) x R 8 


Spin(l,l) x SU(2) 2 (4) 


Spin c (l, 1) x S'7/(2) 2 (8) 


SU(3) x R 8 


Spin(l,l) x U(l) 2 (4) 




SU(2) x R 8 


Spin(l, 1) x Sp(2) (5) 


Spin c (l, 1) x 5p(2) (10) 


Sp(2) 


Spin(l,l) x SU(2) (6) 




U(l) x R 8 


Spin(l,l) x SU(A) (6) 


Spin c {\, 1) x 5C/(4) (12) 


SU(3) 


Spin(3,l) x 17(1) (8) 


Spin c (3, 1) x 17(1) (8) 


SU(2) 2 


Spin(l,l) x SU(2) 2 (8) 




SU(2) x R 8 


5pm(l, 1) x Spin(4) x 5C/(2) (8) 




SU{2) 


5pm(l, 1) x Sp{2) (10) 




U(l) 


5pm(l,l) x 51/(4) (12) 




SU(2) 


5pm(5, 1) x SU(2) (16) 


Spin c (5, 1) x 5C/(2) (16) 


R 8 


5pm(l,l) x 5pm(8) (16) 


Spin c (l, 1) x 5pm(8) (16) 


{1} 


5pm(9, 1) (32) 


Spin c (9, 1) (32) 



Table 6: The S(7 7 //) groups for each possible isotropy group of spinors in IIA and 
IIB supergravity. The first column contains the isotropy groups of spinors of type II 
super gravities. The second column denotes the S groups of IIA supergravity. The 
number in (•) denote the real dimension of Vu- The third column contains the S groups 
of IIB supergravity and — denotes the IIB cases that do not occur. 



4 Disconnected components of E groups 

The Lie algebra computation that we have done, which is summarized in the appendices, 
identifies the component of each E group that is connected to the identity. However, the 
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S groups may have disconnected components. Since these disconnected components of 
the £ groups were not essential for the solution of Killing spinor equations of heterotic 
supergravity, they were not stressed in that computation. This is no longer the case for 
type II and eleven-dimensional supergravities. 

4.1 Discrete subgroups 

We shall not attempt to compute the disconnected components of all £ groups. Instead 
we shall focus on the case of SU(4) invariant spinors. Before we proceed with this, let us 
establish some notation. It is known that field theories with chiral couplings may violate 
parity invariance. So the minimal requirement imposed on a relativistic theory is that 
it should be covariant under restricted Lorentz transformations, i.e. the transformations 
of the connected component of the Lorentz group. These transformations can also be 
characterized as proper and orthochronous, i.e. those that preserve both the orientation of 
spacetime and the direction of time. The spin group associated to the restricted Lorentz 
transformations is the connected component Spin of Spin; Spin is the double cover of 
the proper Lorentz transformations. 

Suppose that we consider those S groups that are constructed from Spin°(n, 1) trans- 
formations. It is expected that in such a case £ = Spin°(d, l)xR, where d < n. Although 
Spin°(d, 1) is connected, we shall see that R can be disconnected. For this let us consider 
the case of eleven-dimensional supergravity backgrounds with S'L r (4)-invariant spinors. 
In this case, the connected component S° of the £ group, up to discrete identifications 
that preserve component connected to the identity, is TP(Vsu{i)) — Spin°(2, 1) x U(l), 
see appendix B. These are not the only transformations of Spin°(10, 1) that preserve 
"Pst/(4)- It is easy to see that the discrete Spin (10, 1) transformations 



Tl234 , 


1^6234 , 


Tl734 , 


Tl284 , 


Tl239 j 


1^6734 , 


1^6284 


1^6239 , 


Tl784 , 


Tl739 , 


Tl289 j 


Tl789 ? 


1^6289 , 


1^6739 


1^6784 , 


1^6789 , 













also leave Vsu(4) invariant and are not in Spin°(2, 1) x U(l). 
4.2 Killing spinors 

To illustrate the importance of the additional transformations in Y,(Vsu(&))i let us inves- 
tigate the orbits of Spin°(2, 1) x U(l) on Vsuu)- It turns out that there are three types 
of orbits with representatives 

1 + ei2345 , e 5 + ei234 , 1 + ei2345 + e 5 + ei234 • (4.2) 

The first two represent orbits with compact isotropy groups and the last represents an 
orbit with a non-compact isotropy group. This means that there are three cases that 
should be investigated for backgrounds with N = 1 supersymmetry. This appears to be 
a contradiction because it is known that there are only two types of orbits of Spin (10, 1) 
on the space of Majorana spinors with isotropy groups SU(5) and Spin(7) x M 9 [2TI [T7] . 
Of course this may imply that the transformation of Spin°(10, 1) which relates the first 
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two orbits does not preserve Vsu(a)- However, this is not the case. Observe that the first 
element in ( 14. ip transforms the representative of the first orbit to the second. This in 
turn gives only two distinct cases with N = 1 supersymmetry. This may not seem to 
be advantageous since for selecting the first Killing spinor the whole Spin (10, 1) could 
be used. However, it has an effect when investigating cases with N = 3 supersymmetry 
where only the E(Vsu(4)) group can be used. So there are two cases with N = 3 
supersymmetry and S'?7(4)-invariant spinors that should be investigated instead of the 
three which arise from considering only the connected component of the Vsuu) group. 

Of course, the representatives 1 + 612345 and e$ + ei234 of the orbits can also be 
related by the r ^, \ = 10, transformation written in the timelike basis, which is in 
Spin(2, 1). However T ^ is not in either Spin (10, 1) or in Spin°(2, 1) because it induces 
non-orthochronous Lorentz transformations. So if the eleven- dimensional theory is only 
assumed to be invariant under restricted Lorentz transformations, then the only way to 
relate the two compact orbits is with a discrete R transformation in (14.11) . The analysis 
presented above can easily be be modified if one begins with Spin(10, 1) rather than 
Spin°(10,l). 

4.3 Compactifications 

To investigate the role of the discrete transformations in the context of compactifications, 
consider an R 2,1 x X compactification with four 5'C/(4)-invariant Killing spinors, where 
X is an S'f/(4)-structure manifold. Again we assume that the eleven-dimensional theory 
we compactify has local Spin (10, 1) invariance. The vacuum configuration breaks this 
to the E(P S u(4)) = Spin°(2, 1) x R group. 

To separate the Spin {2, 1) transformations from those of R, it suffices to see how 
they act on the frame of R 2,1 x X. The frame of the internal space X is (e a ,e 5+a ), 
a = 1, 2, 3, 4, and the remaining three directions are those of R 2 ' 1 . It is easy to see that 
Spin°(2, 1) acts with restricted Lorentz transformations on the frame of R 2 ' 1 and leaves 
invariant the frame of the internal space, while the R transformations leave the frame of 
R 2 ' 1 invariant while transforming the frame of the internal space. 

To see the transformations induced by the discrete transformations (14. ip . observe 
that r 1234 acts on e a as 

e a -> -e a , a =1,2,3,4, (4.3) 

leaving the rest of the frame directions invariant. It is straightforward to compute the 
action of the rest of the elements in (14. ip . Such transformations leave the metric of the 
internal space invariant but act on the fluxes. Moreover they act on the spinors of the 
theory and change the (almost) complex structure I of the internal space to —I. 

The action on the fluxes can be identified by observing that r 12 34 changes the (p, q) 
tensors, with respect to /, to (q,p) ones. The action on the fermions is straightforward 
since T 12 34 is an element of the Spin (10, 1) group. Since from the perspective of the 
lower-dimensional theory (14.31) is a remnant of the restricted Lorentz group in eleven 
dimensions, it is natural to argue that it must remain a symmetry after compactification. 
It is clear that such an assertion will put restrictions on the couplings of the lower- 
dimensional effective theory. 
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The action of Ti234 on the fluxes and spinors is a Z2 action. As such it resembles an 
i?-parity transformation [20]. Though in our case the E group has many disconnected 
components, so the representatives (14.11) form a larger group of reflections. 

5 Concluding Remarks 

We have given the isotropy groups of spinors of eleven-dimensional and type II super- 
gravities as well as representatives of the singlets. Using these, we have computed the 
T,(Vh) group of Vh, where Vh is the plane spanned by all if-invariant spinors. These are 
the subgroups of the gauge groups of ten- and eleven- dimensional supergravities which 
preserve Vh- We have found that the T,(Vh) groups are of the type Spin x R, i.e. they 
are the product of a Spin group and an i?-symmetry group of a lower-dimensional super- 
gravity. In some cases though the .R-symmetry group contained in Y,{Vh) is a subgroup 
of the i?-symmetry group of the associated lower-dimensional supergravity. This is be- 
cause not all i?-symmetry groups of lower-dimensional supergravities are subgroups of 
either Spin(9, 1) or Spin(10, 1). 

The solution of the Killing spinor equations of backgrounds with if-invariant spinors 
can proceed as described in [TT] and [7]. In particular, if N is small, then T^iVn) can 
be used to find simplified canonical forms for the Killing spinors. On the other hand, 
if N is near Nh, then E(Pfl-) can be used to find the canonical form of the normals 
to the Killing spinors in Vh or its dual. In addition, we have emphasized the role of 
the disconnected components of the E(P#) groups in choosing representatives for the 
Killing spinors. It is expected that in this way one can solve the Killing spinor equations 
of eleven-dimensional and type II supergravities for all if-invariant Killing spinors. 

As we have mentioned the disconnected components of the E(Ph-) groups in the con- 
text of compactifications should lead to discrete symmetries in the lower-dimensional 
supergravity effective theories. These are reminiscent of i?-parity type of transforma- 
tions, see e.g. [20]. In the SU{4) case that we have investigated in some detail, the 
discrete group has several generators which act like reflections on the frame, on the 
fluxes and on the fermions of the theory. In a consistently constructed effective theory 
for a compactification, the invariance under such discrete i?-symmetries may be mani- 
fest. This is because they are remnants of the Lorentz symmetry in higher dimensions. 
Nevertheless in the absence of a constructive method for specifying an effective theory, 
they may provide additional symmetry information which may lead to the suppression 
of some couplings. 
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Appendix A Invariant spinors 



A.l The 577(5) series 

There are two orbits of Spin(10, 1) on the Majorana representation A32 of Spin(10, 1) 
with isotropy groups SU (5) and Spin{7) x R 9 . First consider the SU (5) case. To simplify 
notation, let us use standard notation and denote the representations by the dimension. 
The 3 2- dimensional Majorana Spin(10, 1) representation decomposes under SU(5) as 

32 = 1 + 1 + 5 + 5 + 10 + 10. (A.l) 
The singlets can be arranged in the directions 

1 + ei2345 , i(l - ei2345) • (A.2) 

To find all the singlets and isotropy groups, we shall do the computations in several 
steps. 

Step 1: An additional singlet can be either in the 5 or in 10 representations. If it 
is in the 5 representation the isotropy group is 577(4). Moreover under SU{4) one has 
that 

32 = + 2 l+ 2 l+ 2 4+ 2 4 + 6 + 6 . (A.3) 

The additional S'C/(4)-invariant spinors are 

e 5 + ei234 , i(e 5 - e 12U ) • (A.4) 

On the other hand if the additional singlet is in 10, there are three possibilities 
because there are three kinds of orbits [11] . One is the generic orbit with isotropy 
group 5£/(2) 2 , and two special orbits with stability subgroups Sp{2) and 577(2) x 577(3), 
respectively. Under SU(2) 2 , we have the decomposition 

32 = + 4 1 + 4 1 + 2 (2, 2) + 2 (2, 2) + 2 <g> 2 + 2 <g> 2 . (A.5) 

The additional singlets to those of (1A.2I) are 

e 5 + ei234 , i( e 5 ~ ei234) , e 12 - e 345 , 

«(ei2 + e 345 ) , e 34 - ei 25 , «(e 34 + e 125 ) ■ (A.6) 
Decomposing the spinors under Sp(2), we have 

32 = + 3 1 + 3 1 + 2 5 + 2 8 . (A.7) 
The additional singlets to those of (I A. 21) are 

+ e 4 234 , i(e 5 - e 4 234) , e 12 + e 34 - e 345 - e 125 , i(e u + e 34 + e 345 + 6125) • (A.8) 
Considering the isotropy group SU(2) x SU(3), the decomposition reads 

32 = + 2 1 + 2 1 + (2, 3) + (2, 3) + 2 ® 3 + 2 ® 3 + (1, 3) + (1, 3) . (A.9) 



13 



The additional singlets to those of (IA.2I) are 



ei2 - e 345 , i(ei2 + e 345 ) . (A. 10) 



5£ej? S-i: Let us begin with (1A.3|) . The singlets can be either in the 4 or the 6 



representation. If the additional singlets are in 4, then the isotropy group is SU(3). In 
addition the Majorana representation decomposes under SU (3) as 

32 = + 4 l+ 4 l+ 4 3+ 4 3 . (A.ll) 

The additional singlets to those of (IA.4I) can be chosen as 

e 4 - ei235 , ^(e 4 + ei234), e 45 - e U 3 , z(e 45 + e U3 ) • ( A -12) 

Now if the additional singlet is in the 6 representation, there are different isotropy 
groups that can occur depending on the choice of orbit. These are two different orbits 
with isotropy groups SU(2) 2 and Sp(2), respectively. The decomposition according the 
former is as in (1A.5I) while for the latter is as in (1A.7|) . 

Step 2-2: The additional singlet in (1A.5I) can be either in the (2, 2) or the 2 <g> 2 
representations. In the former case the isotropy group is SU{2) and the decomposition 
is 

32 = + 8 1 + 8 1 © 4 2 © 4 2 . (A.13) 

This is the standard SU{2) case which preserves 16 supersymmetries. The additional 
singlets to those of ( 1 A. 21) and ( 1A.4I) are 

e 4 - ei235 , «(e 4 + e 42 34) , e 45 - ei 23 , «(e 45 + e 123 ) , 

e 3 + ems , K e 3 ~ ei245) , e 35 + e m , i{e 35 - e 124 ) ■ ( A - 14 ) 

If on the other hand the singlet is in 2 <g> 2, there are two orbits to consider one with 
isotropy group SU(2) and the other with isotropy group U(l). In the 577(2) case the 
decomposition is 

32 -> + 5 1 + 5 1 + 4 2 + 4 2 + 2 3 . (A.15) 
The additional singlets to those of ( 1A.2I) and ( 1A.6I) are 



ei3 + e 24 + e 245 + , i(e 13 + e 24 - e 24 5 - e 135 ) . (A. 16) 

For the U(l) orbit, the decomposition is 

32 = + 6 1 + 6 1 + 10 2 . (A.17) 
The additional singlets to those of (IA.2I) and flA.6j) are 



ei 3 + e 24 5 , i( e in ~ e 245) , e 24 + e 135 , i(e 24 - ei 35 ) . (A. 18) 

Step 2-3: Next consider the Sp(2) case. The additional singlets can be either in the 
5 representation or in the 8 representation. In the former case, it reduces to the SU(2) 2 
case (1A.5I) . and in the latter it reduces to SU(2) (1A.13I) . 
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Step 2-4'- The additional singlets can either be in the (2, 3) or in the 2 eg) 3 represen- 
tations. The former case reduces to either ( 1A.11I) or ( 1A.5I) cases. In the latter case, it 
reduces to the ( 1A.5I) case and its descendant 93 

Step 3-1: Consider first the SU(3) case. The additional singlet can be in 3. In this 
case it reduces to the SU(2) case and the singlets are given in (1A.2j) . (1A.4|) . (1A.12I) and 
(lA~14l) 

Step 3-2: If there is an additional singlet in the decomposition ( 1A.13I) . then the 
stability subgroup is {1}, i.e. all spinors are singlets. 

Step 3-3: Additional singlets in the decomposition (1A.15I) can either be in the 2 or in 
3 representations. If the singlet is in 2, then the isotropy group is {1} and all spinors are 
invariant. If the singlet is in 3, the isotropy group is U(l) and it reduces to the flA.17j) 
case above. 

The existence of any additional singlets in the decompositions described above have 
isotropy group {1}. As a results, all spinors will be invariant. The results have been 
summarized in the table 2. 



A. 2 The Spin(7) x M 9 series 

Next let us consider the case of the Spin(7) x M 9 orbit. In this case it is best to view 
the 32 representation of Spin(10, 1) as the sum of the Majorana-Weyl 16 + and anti- 
Majorana-Weyl 16~ representations of Spin(9, 1). Under Spin{7) C Spin(9, 1) the 16 + 
and 16~ decompose as 

16+ = 1©7©8, 16- = 1© 708. (A.19) 

Using the null spinor basis, one can easily see that the isotropy group of either singlet is 
Spin{7) x M 9 , while the isotropy group of both is Spin{7). To continue one can proceed 
as in the heterotic case, which involves the identification of singlets in 16 + . Then one 
also decomposes the 16 _ under the maximal compact subgroup K of the singlets of 16 + . 
This will give all the singlets of K. It turns out that in all cases half of the total number 
of singlets of K that lie either in 16 + or in 16~ have an enhanced isotropy group of 
the type x M 9 . So the isotropy groups of all the spinors in 32 are of the type K and 
K x M 9 , where K is the maximal compact subgroup of the isotropy groups that appear 
in the heterotic supergravity. The results are summarized in table 3. 

The isotropy groups Sp(2) (6), SU(2f (8), SU(3) (8), SU{2) (10), U(l) (12), SU{2) 
(16) can occur as subgroups of SU(5) and Spin{7) xM 9 , where (•) denotes A?#. However, 
SU (2) x SU(2>) appears as a subgroup only of SU (5), while G 2 appears only as a subgroup 
of Spin(7) k R 9 . 

It is worth remarking that the lists above include the isotropy groups up to discrete 
identifications. There are more possibilities if disconnected groups are also allowed. For 
example consider the subgroup Z 2 generated by T^. Clearly 1^ G Spin(10, 1). The 
invariant spinors are 16 + . One can also consider Z2 x R 9 , then the invariant spinors are 
those in 16 + which do not contain the basis form e§. There are many more possibilities. 

3 Observe that SU(2) x SU(3) has two kinds of orbits on 2 x 3 represented by the rank 1 and rank 
2 2x3 matrices. The latter case reduces to (|A.5j) and the former to the U(l) case. 
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Appendix B E groups 



The computation of the E groups in eleven-dimensional supergravity is similar to the 
one in the heterotic case [16]. We shall not give the details of how this Lie algebraic 
computation is done. Instead we shall state explicitly, the generators of the E groups up 
to generators of the isotropy group H. The generators of the E groups are given in the 
time-like basis for the S77(5)-series and in the null basis for the Spin(7) x M 9 series [12J, 
respectively. For notation and conventions see [TT| [T2]. 

B.l The 5*7(5) series 
B.l.l SU(5), N H = 2 

In this case we find £(7-") = U(l), where the generator of U(l) can be chosen as iT 11 . 
B.1.2 S77(4), N H = 4 

Here we get E(P) = Spin(2, 1) x C/(l), where spin(2, 1) is generated by the real span of 
T 05 , r 05 and iT 55 , and the generator of u(l) can be chosen as iT . 

B.1.3 SU(2) x SU(3), N H = 4 

For this case we find E('P) = SU{2) x U(l), where the generator of u(l) can be chosen 
as iT 3 ' 3 and, in the basis given above, su(2) = K < T 12 , T 12 , f (r 11 + T 22 ) >. 

B.1.4 Sp(2), N H = 6 

In this case we get S(P) = Spin(2, 1) x SU(2), where spin(2, 1) = s[(2, K) is generated 
by the real span of T 05 , T 05 and iT 55 , and SU(2) acts on Vh with the three-dimensional 
representation. In particular, in the basis given above su(2) is spanned by r 12 + r 34 , T 12 + 
T M ^(T ll + T 2 ^ + T 33 + T 4 ' 4 ). 

B.1.5 SU(3), N H = 8 

Here we get E(P) = Spin(4, 1) x £7(1), where spin(4, 1) is generated by real span of T^, 
with i,j = 0, 4, 4, 5, 5, and the generator of u(l) can be chosen as zr 11 . 

B.1.6 SU(2) 2 , N H = 8 

For this case we find E("P) = Spin(2, 1) x SU(2) 2 , where 5pin(2, 1) is generated by 
the real span of T 05 , T 05 and ir 55 , and the two factors of SU(2) act on Vh with the 
three-dimensional representation. In particular, in the basis given above the two factors 
of SU(2) are generated by su(2) = M < r 12 , T 12 , t(T n + T 22 ) > and su(2) = R < 
r 34 , r 32 , |(r 33 + r 44 ) >, respectively. 
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B.1.7 SU(2), N H = 10 

In this case we get S(7- > ) = Spin(2, 1) x Sp(2), where spin(2, 1) is generated by the 
real span of T 05 , T 05 and ir 55 , and Sp(2) acts on Vh with the five-dimensional vector 
representation, Sp(2) = Spin(5). This can be verified by a direct computation. 

B.1.8 U(1),N H = 12 

Here we get S('P) = Spin{2, 1) x S77(4), where spin(2, 1) is generated by the real span 
of T 05 , r 05 and iT 5 ~ 5 , and SU(4) acts on V with the real six-dimensional vector represen- 
tation, SU(4) = Spin(6). This works exactly as in the corresponding Type I case [16] 
and can easily be seen from previous results by a direct computation. 

B.1.9 SU(2), N H = 16 

For this case we find = Spin(Q, 1) x SU (2), where spin(6, 1) is generated by the real 
span of r<*, with i, j = 0, 3, 3, 4, 4, 5, 5, and SU{2) is generated by T 12 + T 1 ' 2 , i(T 12 - T 1 ' 2 ), 

z^ + r 22 ). 

B.2 The Spin(7) x M 9 series 

The generators of the £ groups for this series are given in the null basis. 
B.2.1 Spin(7) k M 9 , N h = 1 

For this case, = Spin(l, 1), where spin(l, 1) is generated by T + ~ 

B.2. 2 Spin{7), N H = 2 

For this case, E{P) = Spin(2, 1), where spin(2, 1) is generated by r+~, V'*, T +t 
B.2.3 G 2 x M 9 , N H = 2 

For this case T,(V) = Spin(l, 1) x U(l), where spin(l, 1) is generated by T + ~ and u(l) 
has generator (r 1 + T 1 )r^ 

B.2.4 £17(4) x R 9 , N H = 2 

For this case H('P) = Spin(l, 1) x C7 (1), where spin(l, 1) is generated by T + ~ and u(l) 
is generated by z(r xl + T 22 + T 3 ~ 3 + T 42 ) 

B.2. 5 Sp(2) x R 9 , N H = 3 

For this case E('P) = Spin(l, 1) x SU(2), where spin(l, 1) is generated by T + ~ and su(2) 
is generated by T 12 + T 1 ' 2 + T 34 + T u , i(T 12 - T 1 ' 2 + T 34 - T M ), *(r 41 + r 22 + T 33 + r 44 ) 
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B.2.6 SU(4), N H = A 

For this case E(P) = Spin(2, 1) x £7(1), where spin(2, 1) has generators r+-,r- tt ,r +a 
and u(l) is generated by i^T 1 ' 1 + T 22 + T 3 ~ 3 + r 44 ) 

B.2.7 G 2 , N H = 4 

For this case = 5pm(3, 1), where 5pin(3, 1) is generated by r +_ , r +tt , r~ s , r+(r 1 + 

r I ),r-(r 1 + r I ),r»(r 1 + r I ) 

B.2.8 (SU(2) x 51/(2)) x R 9 , N H = 4 

For this case = Spin(l, 1) x SU(2) x SU(2), where spin(l, 1) is generated by 

r+- and the two su(2) factors are generated by T 12 + T i2 ~,i(T 12 - T l2 ~),i(T l1 + T 22 ) and 
r 34 + T 34 , i(T 34 - T 34 ), i(r 33 + r 44 ), respectively. 

B.2.9 SU(3) x R 9 , N H = 4 

For this case S(P) = Spin(l, 1) x Spin(3) x C/(l), where spin(l, 1) is generated by r + ~, 
spin(3) is generated by all T AB for A, B = 1, 1, jj and u(l) is generated by i(r 22 + r 33 +r 44 ) 

B.2.10 5C/(2) x M 9 , iV H = 5 

For this case = Spin(l, 1) x Spin(5), where spin(l, 1) is generated by r + ~ and 

spin(5) is generated by the real span of i(r lT + r 22 ),T 12 + r l2 ,i(r 12 - r l2 ),i(r 33 + 

r 43 ), r 34 + r 33 , *(r 34 - r 33 _), r 13 + r 13 + r 24 + r 2 \ i(r 13 - r 13 + r 24 - r 23 ), r 13 + r 14 + 
r 32 + r 32 ,i(r l3 -r I4 -r 32 + r 32 ). 

B.2.11 Sp(2), N H = 6 

For this case £(P) = Spin(2, 1) x SU(2), where spin_(2, 1) is generated by r+«, r - *, T+" 

and 5u(2) is generated by r 12 +r l2 +r 34 +r 34 , ;(r 12 -r l2 +r 34 -r 34 ), ^r^+r^+r^+r 43 ) 

B.2.12 U(l) x R 9 , N H = 6 

For this case S(7- > ) = Spin{\,\) x Spin(Q), where spin(l, 1) is generated by T + ~ and 
sp_in(6) = su(4) has generators z(r lT + r 22 ),T 12 + r I2 ,*(r 12 - T l2 ),i(T 33 + T 43 ),r 34 + 

r sa^( r 34_ r 34) ^(r^+r^^^+r 13 ,i(r 13 -r IS ),r 24 +r 23 ,i(r 24 -r 23 ),r 2S -r 3 V(r 23 + 
r 32 ),r 4I -r l3 ,;(r 4I + r 13 ) 

B.2.13 SU{2) x 517(2), N H = 8 

For this case X('P) = Spin(2,l) x SU{2) x SU(2), where spin(2, 1) is generated by 
r + », r-», r+" and the two su(2) factors are generated by i(T ll +r 22 ), T 12 +r 12 , i(r 12 -r l2 ) 
and i(T 33 + T 44 ), T 34 + r 34 , i(r 34 - r 34 ), respectively 
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B.2.14 SU(3), N H = 8 

For this case T,(V) = Spin(4, 1) x £7(1), where spin(4, 1) is generated by the real span of 

r+- r-», r+», (r 1 + r I )r+, ^r 1 - t i )t+, (r 1 + r^r- ip 1 - r^r- (r 1 + r 1 )^, i(r x - 

r 1 )^,^ 11 and u(l) is generated by ir 22 . 
B.2.15 SU{2) K M 9 , N H = 8 

For this case S(7- > ) = Spin(l, 1) x Spin(5) x SU(2), where spin(l, 1) is generated by 
r+~ spin(5) = sp(2) is generated by T 12 + T 12 , i(r 12 - T 12 ), zT 11 , zT 22 , i(r 2 - T 2 )r«, (r 2 + 

r^rMO" 1 - r^r", (r 1 + r I )r*,r 15 - r 2l ,z(r 12 + r 21 ) and su(2) has generators r 34 + 
r 3 V(r 34 -r 32 ),2(r 33 + r 43 ). 

B.2.16 SU(2), N H = 10 

For this case S('P) = Spin(2, 1) x Spin(5), where spin(2, 1) is generated by r + ~, r +tt , T~^, 
and spin(5) is generated by T 13 + T 13 + T 24 + T 24 , i(-r 13 + T 13 - T 24 + T 24 ), T 14 - T 41 - 

r 23 " + r 35 , *(r 14 + r 41 - r 23 - r 32 ), ^r 11 + r 22 ), r 12 + r 12 , *(r 12 - r 12 ), *(r 33 + r 44 ), r 34 + 
r 3 V(r 34 -r 54 ). 

B.2.17 U(l), N H = 12 

For this case E(P) = Spin(2, 1) x Spin(6), where spin(2, 1) is generated by T + ~, T' 6 , T +s 
and spin(6) is generated by T 12 + T 12 , *(r 12 - r 12 ) , T 34 + T M , % (r 34 - T 34 ) , T 24 + r 24 , * (r 24 - 

r 23 ), r 13 +r 15 , *(r 13 -r 13 ), r 14 -r 41 , *(r 14 +r 41 ), r 23 -r 32 , *(r 23 +r 32 ), *(r 22 -r 33 ), ^r 11 - 
r^^ + r 35 ). 

B.2.18 SU(2), N H = 16 

For this case £(P) = Spin(Q, 1) x SU(2), where su(2) is generated by z(r 33 + T 44 ), T 34 + 
T 34 , z(r 34 -r 34 ), and spin(6, 1) is generated by the real span of T AB for A,B = +, -, (j, 1, 1, 2, 2. 

B.2.19 M 9 , iVjj = 16 

For this case T,(V) = Spin(l,l) x Spin(9), where 5pin(l, 1) is generated by r + ~ and 
5pin(9) is generated by the real span of T AB for A,B = 1, 2, 3, 4, 1, 2, 3, 4, (j. 
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